HOMOLOGICAL ALGEBRA 
WITH LOCALLY COMPACT ABELIAN GROUPS 



NORBERT HOFFMANN AND MARKUS SPITZWECK 

Abstract. In this article we study locally compact abelian (LCA) groups from 
the viewpoint of derived categories, using that their category is quasi-abehan in 
the sense of J. -P. Schneiders. We define a well-behaved derived Horn-complex 
with values in the derived category of Hausdorff topological abelian groups. 
Furthermore we introduce a smallness condition for LCA groups and show 
that such groups have a natural tensor product and internal Hom which both 
admit derived versions. 



Introduction 

The aim of this work is to develop further homological algebra techniques for 
appropriate topological abelian groups, mainly for locally compact abelian (LCA) 
groups. Already M. Moskowitz [TUj and also Fulp-Grifhth ||4j have undertaken to 
carry over the classical theory a la Cartan-Eilenberg; however, their results are 
limited by the fact that the category LCAb of LCA groups is not abelian and has 
neither enough injectives nor enough projectives, as Moskowitz proves. 

To solve the first problem, we note that the category LCAb is still quasi- abelian, 
a term introduced by J. -P. Schneiders ^2 which allows to form a derived category 
with a good deal of the usual properties. As to the second problem, we substitute 
injectivity by the weaker notion of divisibility, and projectivity by the dual notion 
of codivisibility; it turns out that these are just good enough to derive the Hom- 
functor (even its topological version involving the compact-open topology), by first 
resolving both variables and then introducing some explicit 'correction term' which 
compensates the fact that the objects in these resolutions are only 'almost acyclic'. 

The structure of this paper is as follows: Section ^ introduces the categories 
of LCA groups and more generally of abelian Hausdorff groups, shows that they 
are quasi-abelian and summarizes the consequences according to They yield 
derived categories, and they naturally embed into abelian ones. 

Section 121 contains some structure theory of LCA groups, which may be of in- 
dependent interest: We observe that every LCA group has a canonical filtration of 
length three; this generalises the canonical torsion subgroup of a discrete abelian 
group and the dual canonical subgroup of a compact abelian group. We also in- 
troduce some smallness property for LCA groups which we call 'finite ranks' and 
which familiar examples like Q/Z, Q, M, Qp, Z and A satisfy; their category has a 
tensor product and internal Hom, as we can prove at the end of the next section. 

Section|31deals with topological analogues of the fact that divisible abelian groups 
are injective in Ab; the corresponding statements in LCAb require much stronger 
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hypotheses, and the proofs are more involved. We also show topological analogues 
of the fact that every abelian group can be resolved by divisible ones. 

Finally, section 0] contains our construction of a derived Hom-functor; we ob- 
tain an exact bifunctor from the bounded derived category of LCA groups to the 
bounded derived category of abelian Hausdorff groups, show that its zeroth coho- 
mology gives the morphism group in the former derived category, and refine the 
known fact that LCAb has cohomological dimension 1. There are also derived ver- 
sions of the tensor product and internal Hom for LCA groups that have finite ranks; 
we compute the resulting ring structure on their Grothendieck group Kq. 

Both authors thank the Mathematical Institute of Gottingen University, espe- 
cially Y. Tschinkel, for their stimulating interest in this work. The first author also 
thanks the Tata Institute of Fundamental Research in Mumbai for its hospitality 
and support during the preparation of this text. 

1. The quasi- abelian categories LCAb and TAb 

This text deals with locally compact abelian (LCA) groups, i.e. abelian topo- 
logical groups whose underlying topological space is locally compact, in particular 
Hausdorff. Standard examples are the discrete groups Z, Z/n, Q, Q/Z and Qp/Zp; 
the Lie groups E and §^ :— M/Z; the Pontryagin dual := IIom(yl,S^) of any 
LCA group A, e.g. the solenoid Q^; the profinite groups Zp and Z = Hp^pi 
additive groups of p-adic numbers Qp and their restricted product, the additive 
group of finite adeles Afin :— YlpiQp • ^p); the group of all adeles A := M ® Agn. 

LCA groups and continuous homomorphisms form an additive category LCAb; 
this is a full additive subcategory of the additive category TAb of all abelian Haus- 
dorff groups. If A is an LCA group and A' C A is a. closed subgroup, then A' and 
A/ A' (endowed with the induced topology) are again LCA groups; similarly for 
abelian Hausdorff groups. In particular, each morphism f : A B in LCAb or in 
TAb has a kernel ker(/) /^^(O) and a cokernel coker(/) B/ f{A). We call / a 
monomorphism if ker(/) = and an epimorphism if coker(/) = 0. The categories 
LCAb and TAb are not abelian. For example, the inclusion morphism Q ^ R is a 
monomorphism and an epimorphism, but no isomorphism. 

Definition 1.1. i) A morphism f : A ^ B in LCAb or in TAb is strict if the 
induced monomorphism / : A/kei{f) B is a. closed embedding. 

ii) A complex A* of LCA groups or abelian Hausdorff groups is strictly exact if 
it is exact and d : A" A"^^ is strict for all n. 

This definition is taken from Schneiders |12| . who more generally calls a mor- 
phism / in an additive category with kernels and cokernels strict if the induced 
morphism / : coker(ker(/)) — » ker(coker(/)) is an isomorphism. In the case of 
LCA groups, Moskowitz [101 and Armacost PP call such morphisms proper. 

If a morphism f : A ^ B in LCAb is strict, then /* : also is. A 

monomorphism (resp. epimorphism) f : A ^ B in LCAb or in TAb is strict if and 
only if / is closed (resp. open); cf. Pl Thms. 5.26 and 5.27] for the latter. In 
particular, the composition of two strict monomorphisms (resp. epimorphisms) is 
again strict; cf. also |12l Prop. 1.1.7]. By contrast, the composition of two arbitrary 
strict morphisms is in general not strict. 
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Proposition 1.2. // the commutative diagram in LCAb or in TAb 



/ /' 

i) is a pushout square and f is a strict monomorphism, then f also is. 
a) is a pullback square and /' is a strict epimorphism, then f also is. 

Proof, i) If / is closed and injective, then 

also is. But /' is obtained from F by dividing out the closed subgroup {0} x A and 
its image under F, so /' is closed and injective as well. 

ii) If /' is open and surjective, then 

tVG ^)-^'—---- 

also is. But / is just the restriction of F' to the inverse image of {0} x B, hence 
open and surjective as well. □ 

This proposition means that the categories LCAb and TAb are quasi-abelian in 
the sense of J. -P. Schneiders ^^li so his results apply as follows: 

Starting from the categories of bounded complexes C^(LCAb) C C''(TAb) and 
identifying chain homotopic morphisms, we obtain as usual triangulated categories 
K^(LCAb) C K''(TAb). A morphism in K''(LCAb) or in K^(TAb) is called a strict 
quasi-isomorphism if its mapping cone is strictly exact. Prop. 1.2.14] states 
that the class of strictly exact complexes in K''(LCAb) or in K''(TAb) is stable under 
extensions in the sense of IV. 2. 10] . This implies that the class Quis of strict quasi- 
isomorphisms is localizing |S1 Def. III. 2. 6] and also compatible with the triangulation 
[SI IV. 2.1]; thus one obtains derived categories D^(LCAb) := K''(LCAb)/Quis and 
D''(TAb) := K''(TAb)/Quis which are again triangulated due to ^, Thm. IV.2.2]. 
See also m Thm. 2.1.8] for this quotient construction. We remark that a priori it 
is not clear that these quotient constructions yield genuine categories in the sense 
that the Hom object between two fixed objects is (isomorphic to) a set. This will 
follow in the case of D''(LCAb) from proposition I4.12l i. in the case of D^(TAb) we 
do not know it and just note that there do not arise set-theoretic difficulties in 
allowing proper classes as Hom objects. 

Pl Def. 1.2.18] endows □''(LCAb) and □''(TAb) with ('left') t-structures, yielding 
abelian categories £7^(LCAb) and £TC{TAh) as their heart. These are 'abelian 
envelopes' in the sense that the natural functors / : LCAb ^ £7i(LCAb) and 
/ : TAb ^ Cn{TAh) are fully faithful [H Cor. 1.2.28]; their essential image is 
stable under extensions and subobjects, and it contains the cokernel of /(/) for a 
morphism / in LCAb or TAb if and only if / is strict ^1 Prop. 1.2.29]. According 
to Pl Prop. 1.2.32], / induces an equivalence of derived categories. 

We will sometimes identify groups with discrete topological groups; this defines 
a fully faithful embedding Ab ^ TAb ^ >C7i(TAb). This embedding has an exact 
left inverse £H{TAh) Ab which we denote by A i— > Adisc and which is given as 
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follows: It sends each object A of TAb to its underlying discrete group Adisc; since 
this preserves kernels of arbitrary and cokernels of strict morphisms, it does induce 
an exact functor Cn{TAh) -> Ab by [13 Prop. 1.2.34]. 

2. Types of LCA groups and finite ranks 

Recall that an LCA group A is a topological p-group (resp. a topological torsion 
group) if liin„_^oo p"'* = (resp. lim„^co '^io = 0) holds for all a G A. According to 
the Braconnier-Vilenkin theorem [TJ Thm. 3.13], A is a topological torsion group 
if and only li A = Yl.p{Ap : Up) is a restricted product of topological p-groups Ap 
with respect to compact open subgroups Up C Ap. Ap is uniquely determined as a 
closed subgroup of A] it is called the p-component of A. 

Definition 2.1. An LCA group A is 

i) of type Z if A is discrete and torsionfree, 

ii) of type §^ if A is compact and connected, 

iii) of type A if A = © ^toptors with ~ R" for some n and Atoptors a 
topological torsion group. 

Note that the direct sum decomposition A = Ar © ^toptors in hi is unique and 
functorial, because Hom(AR, yltoptors) = = Hom(yltoptors, ^R)■ 
A is a topological p-group (resp. a topological torsion group, resp. of type A) if 
and only if its Pontryagin dual A^ is Cor. 2. 13 and Cor. 3.7]; A is of type 
if and only if is of type Z % Cor. 4 to Thm. 30]. 

Proposition 2.2. i) Every LCA group A has a unique chain of closed subgroups 
C Agi C FzA C A such that Agi, Aa := FzA/A^i and Ai := AjFiA are of type 
, A and Z, respectively. 

ii) f{Agi) C Bgi and f{FzA) C F^B for all morphisms f : A ^ B in LCAb. 

Proof, i) Existence: By the structure theorem for LCA groups Thm. 24.30], 
A = M" © A' where A' has a compact open subgroup. Without loss of generality, 
we may thus assume that A itself has a compact open subgroup U A. 

Let ^§1 C U he the connected component of 0; this closed subgroup of A has 
type Let FzA C A be the inverse image of the torsion in the discrete group 
A/U; this is an open subgroup such that A/F^A has type Z. 

The open subgroup U/Agi of ^Ia ■— FzA/A^i is compact and totally discon- 
nected, hence profinite; the quotient F^A/U is a discrete torsion group. Conse- 
quently, Aa is topological torsion, in particular of type A. 

Uniqueness and ii follow from the observation that all morphisms A^i — > Aa, 
Agi Az and Aa Az vanish if A^i , Aa and Az are of type S^, A and Z. □ 

For a general LCA group A, we put := (Aa)r and Aoptors := (^A)toptors; we 
write Ap for the p-components of the latter. For a morphism f : A ^ B in LCAb, 
we denote by /? : A-; ^ B-; the induced morphisms for ? G {§^, A, M, toptors,p, Z}. 

Liemma 1.6. IfO^A^B^C^O is a strictly exact sequence of LCA groups 
in which A and C are both of type (resp. both of type A, resp. both of type ZJ, 
then B is also of type (resp. A, resp. 1). 

Proof. If A and C are discrete (resp. torsionfree), then B also is. This proves the 
case of type Z. The case of type §^ follows by duality. 
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If A and C are of type A, then 7r(i3gi) C Cgi = by proposition I2.2l ii. so 
Sgi C A and hence B^i C A^i = by proposition l2.2l ii again. This shows Sgi = 
and by duahty also Bz — 0; hence B is of type A. □ 

Given a strictly exact sequence of LCA groups, what can we say about their 
types? The following sequences and their duals are examples of mixed types: 

— > Z ^ Z — > Z/n — > 
— > Z — > Q — > Q/Z — > 

— > Z Z©Zp ^"-^"^ Zp — > 

— >Z — > M — >§i — > 

— > Z M®Z/n — > §1 — > 

— > Q — > R©Q/Z — > §1 — > 

— > Q — > A — > Q"" — »0 

Proposition 2.4. Given a strictly exact sequence of LCA groups 

— > A ^ B ^ C — >0, 

there are unique closed subgroups = FqB C FiB C . . . C F^B C F^B = B such 
that the induced subgroups FnA L^^[FnB) and FnC :— 7r(i^„_B) are also closed 
and the induced sequences 

n A ^nA t FnB F„C 

gT„A := gr„B gr„C — > 

^ji-lA i^n-lO fn-lL- 



are strictly exact of the following types: 










- 


-> type §^ — 


type §1^ — 


- 





n 


= 1 


- 


profinite — 


~+ type — 


type §^ — 





n 


= 2 


- 


-> type A — 


— > type A — 


- 





n 


= 3 


- 


type Z — 


type A — 


— > type §^ — 





n 


= 4 


- 


- 


iype A — 


— !■ f?/pe A — 





n 


= 5 


- 


type Z — 


type Z — 


— > torsion — 





n 


= 6 


- 


- 


type Z — 


— > type Z — 





n 


= 7 



Proof. Uniqueness: Due to lemma IT^H F2B has to be of type F5B / F2B of 
type A, and B / F5B of type Z. Hence F2i? = i?si and F5B = F^B are uniquely 
determined by proposition I2.2l i. Similarly, FiA = A^i and F3A = F^A] thus 
F^B = l{A^i) and F'^B = F2B + l{FzA) since we require gr^C = grgC = 0. By the 
dual argument, F4B and FqB are also uniquely determined. 

Existence: We put F2B B^i and F2A := r^{F2B), F2C := tt{F2B). These 
are compact, in particular closed, subgroups, and ^ F2A F2B ^ F2C ^ is 
an exact sequence by construction, so it is even strictly exact. Using the 3 x 3-lemma 
in the abehan envelope CH{LCAh) of LCAb, it follows that the induced sequence 
A/F2A ^ B/F2B ^ C/F2C ^ is also strictly exact. Thus it suffices to 
prove the proposition for both sequences separately, i. e. we may assume without 
loss of generality Bgi — B or Bgi — 0. Applying the dual argument in the latter 
case, we we may assume that B is of type §^ or of type A or of type Z. 

If B is of type Z, then so is A, and C is discrete. In this case, F^B :— 
and FeB := 7r"i(^zC), the inverse image of the torsion in C, defines a chain of 
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subgroups in B with the required properties. This proves the case of type Z; the 
case of type foUows by duahty. 

Suppose that B is of type A. Then A^i C Bgi = by proposition 12. 2l ii. so 
is a closed subgroup of A. The restriction t : —>■ B automaticaUy decomposes 
into morphisms iR : vIr ^ Br and ttoptors : ^toptors -Btoptors which are closed 
embeddings because l is. Thus B/l{Aa) = coker(/,R) © coker(ttoptois) is of type A. 
So it suffices to prove the claim for the sequence — > A/Aa ^ B/l{AjC) ^ C ^ 0; 
in other words, we may additionally assume that A is of type Z. Using the dual 
argument, we may also assume that C is of type In this situation, simply 
F3B ^ and F4B = B does the trick. □ 

Definition 2.5. An LCA group A has 

i) finite 1-rank if the real vector space Hom(A, K) has finite dimension, 

ii) finite S^-rank if the real vector space Hom(R, A) has finite dimension, 

iii) finite p-rank ii p ■ _ : A —f A is strict with finite kernel and cokernel. 

Definition 2.6. An LCA group A has finite ranks if A has finite Z-rank, finite 
§^-rank and finite p-rank for all prime numbers p. FLCAb C LCAb denotes the full 
additive subcategory consisting of all LCA groups that have finite ranks. 

Proposition 2.7. An LCA group A has finite ranks if 

i) A is of type Z and has finite "L-rank or 

ii) A is of type §^ and has finite Ei^-rank or 

iii) A is of type A and has finite p-rank for all p. 

Proof, i) Any LCA group A of type Z has finite S^-rank because Hom(IR, A) = 0. 
If A also has finite Z-rank, then dimQ(yl ®z Q) =: d < 00; any given d -I- 1 elements 
ai, . . . , ad_|_i 6 A are thus contained in a subgroup 'E'^ = A' C_ A and hence linearly 
dependent in A'/pA', a fortiori in A/pA. Thus dimp^{A/pA) < d < 00; since 
p ■ _ : A A is automatically strict and injective, A has finite p-rank. This proves 
i; ii follows by duality. 

iii) Any A of type A has finite S-'^-rank since Hom(R, A) = Hom(M, Ar) = Ar is 
finite-dimensional. The dual argument shows that A also has finite Z-rank. □ 

Lemma 2.8. A topological p-group A G LCAb has finite p-rank 

i) if A is discrete and pA := {a £ A : pa = 0} is finite. 

ii) if A is compact and A/pA is finite. 

iii) if and only if A ^ Ai (B . . . (B Ar with Ai = Z/p"' or Qp/Zp or Zp or Qp. 

Proof. Z/p"', Qp/Zp, Zp and Qp have finite p-rank; the 'if part of iii follows. 

If A is discrete and pA is finite, then A = (Qp/Zp)" © A' for some finite group 
A' by Ch. Ill, Thm. 19.2 and Ex. 19]; this implies i and by duality also n. 

Let A have finite p-rank, and let ^tors C A be its torsion subgroup. Using P 
Thm. 2.12], we can find an open subgroup U C A with pA nU = {0}; this implies 
Atoi-s riU — {0}, proving that Ators is closed in A and discrete. Due to 1, Prop. 
6.21], every direct summand Qp/Zp of Ators is even a topological direct summand 
of A; splitting them off, we may assume that Ators is finite. Applying the same to 
B := A^ , we may additionally assume that Btors is finite. 

Then A' := [B/BtorsY C A is an open subgroup of finite index such that 
p ■ A' ^ A' is strict and surjective. In particular. A' n Ators = since the latter 
is finite; hence A' is a locally compact topological vector space over Qp, so A' = Q" 



HOMOLOGICAL ALGEBRA WITH LCA GROUPS 



7 



by Ch. I, §2]. Dually, B' := (A/Ators)'' Q B satisfies B' n Btors = 0; this means 
^tors + A' ^ A. Altogether, we obtain A = A' (B Ators, proving iii. □ 

Remark 2.9. Part iii of the previous lemma implies that Qp is both injcctive and 
projective among topological p-groups that have finite ranks: It is easy to see that 
a morphism Ai © . . . © — > Qp with Ai = Z/p"» or Qp/Zp or Zp or Qp can only 
be surjective if its restriction to one summand is an isomorphism. 

By contrast, Qp is neither injective nor projective among all topological p-groups; 
an example of a non-split strict epimorphism of topological p-groups onto Qp is 

Proposition 2.10. In a strictly exact sequence 0—^A^B^C~*Qof LCA 
groups, B has finite ranks if and only if both A and C have finite ranks. 

Proof. 1) The sequence Hom(R, A) -> Hom(R, B) -> Hom(M, C) ^ is exact 
by |1UI Thm. 3.2], so B has finite S^-rank if and only if both A and C have finite 
§^-rank. The same holds for their Z-rank by duality. 

2) Note that A has finite p-rank if and only if the kernel pA and the cokernel 
A/pA of p • _ : A — > A in £H(LCAb) are finite groups, i. e. are in the essential image 
of the finite groups under the embedding LCAb ^ £7-^(LCAb); similarly for B and 
C . This essential image is stable under extensions and subobjects according to 
|12[ Prop. 1.2.29]; it is also stable under quotients because every monomorphism 
in LCAb into a discrete group is strict. The snake lemma in the abelian category 
£?i(LCAb) yields an exact sequence 

(1) — >pA — >pB — >pC^A/pA — >B/pB — >C/pC — >0 

from which we see that B has finite p-rank if both A and C have; together with 
step 1, this proves the 'if part of the proposition. 

3) Suppose that B is discrete and has finite ranks. Then A is also discrete; 
its torsion subgroup Ators has finite p-rank by proposition 12 . 81 i because pA C pB 
is finite, and A/Atots has finite p-rank by proposition I2.7l i because it has finite 
Z-rank by step 1. Hence A has finite p-rank according to step 2; now the exact 
sequence (QJ implies that C also has finite p-rank. This proves the 'only if part for 
discrete B\ it follows by duahty for compact B. If 5 9^ M", then ^ = M° © Z** and 
C ^ W^-"-^^ © (§1)'' by ;6, Thm. 9.11], so both have finite ranks as well. 

4) Now let B be any LCA group having finite ranks. By the structure theory of 
LCA groups, we can find closed subgroups B' C B" C B such that B' is compact, 
B"/B' ^ 5r and B" is open. The sequence O^B'^B^B/B'^0 yields 
an exact sequence like Q with connecting morphism S : p{B/B') B' jpB' in 
£?i(LCAb); here p{B/ B') is a discrete group because B/ B" is, B' /pB' is a compact 
group because B' is, and S is strict with finite kernel and cokernel because B has 
finite p-rank. Hence p{B/B') and B' /pB' are finite; as pB' C pB is also finite, B' 
has finite ranks. By duality, B/B" also has. 

Let A' CA"CA be the inverse images of B' C B" C B, and let C" C C" C C 
be their images. These are closed subgroups because A' , B', C are compact and 
A", B'\ C" are open; the induced exact sequences ^ A' — > B' — > C" ^ and 
A/ A" B/B" C/C" are strict for the same reason. By the 3x3- 
lemma in the abehan category Cn{\-Qkh), -> A" /A' B"/B' -> C"/C' ^ is 
also strictly exact. Now step 3 shows that A', A" /A', A/ A" and C", C'/C", C/C" 
have finite ranks; hence A and C also have finite ranks by step 2. □ 
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Corollary 2.11. The category FLCAb is quasi- abelian, and the inclusion functors 
FLCAb ^ LCAb ^ TAb preserve kernels and cokernels. 

Remark 2.12. i) If A* G C''(LCAb) is strictly exact, then the discrete group H"(AJ) 
has finite Z-rank for all n. 

ii) If — *■ A — > B — > C ^ is a strictly exact sequence of LCA groups with A 
of type Z, B of type A and C of type S^, then they all have finite ranks. 

Proof, i) The strictly exact sequence of complexes — * F^A* A* ^ A^ ^ 
yields a long exact sequence in £7i(LCAb) which implies H"(A') = H"+^(FzA*). 
In particular, the latter is in the essential image of LCAb ^ £7i(LCAb), so there 
are closed subgroups B C Z C FzA'^+^ with II"(yl^) ^ Z/B. Since M is injective 
and projective in LCAb by ^1 Thms. 3.2 and 3.3], 

dimHom(Z/B,]R) < dimHom(Z,E) < dimHom(FzA"+\ M) = dimA^+^ < oo. 

ii) A has finite ranks by i and DroDOsition l2.7l i: dually, C has finite ranks as well. 
Hence B also has according to proposition 12. 101 □ 

3. Topological Horn and divisibility 

We usually endow the group Hom(A, B) of continuous homomorphisms between 
LCA groups A and B with the compact-open topology; this turns it into an abelian 
Hausdorff group. The canonical bijection liom{A, B) — > Hom(B^,^^), / i— > /* is 
a topological isomorphism according to jlUL Cor. 2 to Thm. 4.2]. 

The bifunctor Hom : LCAb°P x LCAb — > TAb is clearly additive in both variables. 
It is easy to check directly that Hom(j4, _) : LCAb — > TAb is left exact, i. e. preserves 
kernels; by duality, IIom(_, B) : LCAb°'' — > TAb is also left exact, i. e. transforms 
cokernels in LCAb to kernels in TAb. 

Given A* , B' £ C''(LCAb), we denote by Hom'(A',B') G C''(TAb) the usual 
total complex of the Hom-double complex; a special case is the dual complex 
{A*y := Hom'(A*,§i) G C''(LCAb). 

Definition 3.1. i) An LCA group A is divisible (resp. strictly divisible) if the map 
n ■ _ : A ^ A is surjective (resp. strict and surjective) for all n G N. 
ii) An LCA group A is codivisible if ^4^ is divisible. 

Definition 3.2. Div C LCAb D Codiv and I C FLCAb D P denote the fuU additive 
subcategories given by the following object classes: 

Div = {D e LCAbjD divisible}, \ = {I e FLCAb n Div|/z = 0}, 

Codiv = {C G LCAbjC codivisible}, P = {P G FLCAb n Codiv|Psi = 0}. 

Note that Div C LCAb and I C FLCAb are stable under taking quotients; dually, 
Codiv C LCAb and P C FLCAb are stable under taking closed subgroups. This 
implies in particular that codivisible LCA groups are torsionfree. 

Proposition 3.3. If l : A' '-^ A is an open embedding of LCA groups and D is a 
divisible (resp. strictly divisible) LCA group, then l* : IIom(A, _D) Hom(A',_D) 
is surjective (resp. strict and surjective). 

Proof. Given a morphism f : A' ^ D in LCAb, it can be extended to a morphism 
f : A ^ D in Ab because D is an injective object in Ab. But / is automatically 
continuous: Its restriction to every coset modulo A' is continuous because /' is, 
and these cosets form an open covering of A. This shows that l* is surjective. 
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If A/A' = Z, then L has a left hiverse, so t* is strict. If A/A' = Z/?i for some n, 
then we can choose an element a G A whose image generates A/ A'; this defines a 
pushout square 

Z— ^Z 

■a 

A'^^A 

in LCAb. The left exact functor Hom(_, D) maps this to a puUback square in TAb; 
if D is strictly divisible, then i* is thus strict and surjective. 

Since the composition of strict epimorphisms is again strict, the proposition is 
now proved whenever A/ A' is finitely generated. In general, the definition of the 
compact-open topology yields topological isomorphisms 

Hom(^, D) = limHom(i, D) and Hom(A/A', D) ^ limHom(i/yl', D) 

where both limits are taken over all open subgroups A' (Z A<Z A such that A/ A' is 
finitely generated; now the following lemma completes the proof. □ 

Lemma 3.4. Let a sequence of filtered projective systems in TAb 

— > {A,),^j {B,),^j {C,),ej — > 

be strictly exact on each level j E J . Then the induced sequence of limits 

— > A-~ limAj — > B -.^ limSj — > C := limQ — > 

is also strictly exact in TAb if the projections bj : B Bj, Cj : C Cj and the 
natural map ker(6j) — > ker(cj) are surjective for all j . 

Proof. A is clearly the kernel of the induced map tt : i? —> C, so we just have to 
check that tt is surjective and open. Surjectivity follows from the 5-lemma in Ab, 
applied to the diagram 

^ kcr(6j) ^ B — Bj ^ 

^ ker(cj) ^ C Cj ^ 0; 

from this diagram also follows that T^{bJ^{Uj)) equals cJ^iT^jiUj)) and is thus a 
neighborhood of zero for every neighborhood of zero Uj C Bj. But the bJ^{Uj) 
form a neighborhood base of zero in B; this shows that n is indeed open. □ 

Corollary 3.5. i) For D E Div, the sequence F^D D ^ Dz splits, 
a) For C G Codiv, the sequence Cgi C C/Cgi splits. 

Proof. FzD is divisible because D is and Dz is torsionfree. Proposition 13.31 allows 
to extend the identity on FzD to a morphism D FzD that splits the sequence 
in i. The sequence in ii also splits by duality. □ 

Proposition 3.6. Suppose that C ^ [0 ^ ^ ^ ^ 0] e C''(Codiv) and 
D* = [0 — > — > — > ^ 0] e C''(Div) are short strictly exact complexes; let 
furthermore C £ Codiv and D G D'w be given. 

i) IfD^^O for all n, then Hom'(C,L»') G C''(TAb) is strictly exact. 

n) IfCsi = 0, then Hom'(C, [Q ^ A ^ Q^]) G C^(TAb) is strictly exact. 
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Hi) //Cgi = for all n, then Horn' {C* , D) G C''(TAb) is strictly exact, 
iv) If Dz = 0, then Hom'([Q ^ A ^ Q"^], Z?) e C''(TAb) is strictly exact. 

Proof. 1) Suppose that there is an open subgroup U C whose inverse image in 
is zero. Then is discrete, and the map ®U —* is an open embedding. 
Proposition 13.31 allows to extend the projection ® U ^ io a, morphism 
that splits the sequence D* . Hence i holds in this case; dually, iii holds 
if there is a compact subgroup K C which surjects onto C^. 

2) The functor Hom(_, D) is left exact; in order to prove iii, we have to show that 
L : ^ induces a strict epimorphism l* : Hom(C^,£') Hom(C^,Z?). Since 
C*i = 0, proposition 12 . 41 implies that C C* is a split exact subcomplex; thus it 
is a direct summand in C''(Codiv) because K is injective in LCAb according to |1(JI 
Thm. 3.2]. Splitting it off, we may assume = 0; then we can find a compact 
open subgroup C C^. We factor : into li:C^'^V + i{C^) followed 
by the open inclusion L2 : V + '-(C^) ^ C2; then is a strict epimorphism by step 
1, and L2 is so if D is strictly divisible by proposition 13.31 

3) Suppose that D is discrete or Z? = R or D = S^. Then iii holds by step 2, 
and iv also holds: It obviously holds for _D = R and D = and if D is discrete, 
then it is torsion by the hypothesis of iv; hence Honi(Z; D) = D = Hom(M © Z, D) 
topologically. Since Q ^ A is a pushout of the natural map Z M © Z and 
Hom(_, D) is left exact, we get Hom(Q, D) = Hom(A, D) topologically as well. So 
iii and iv hold for these D] by duality, i and ii follow if C is compact or C = M or 
C = Z. Uni Thm. 2.5] states that these cover all cases in which C is compactly 
generated^ i.e. generated as an abstract group by some compact subset. 

4) The general case follows from step 3 by means of lemma 13.41 ^61, Thm. 
5.14] states that every compact subset of C is contained in a compactly gener- 
ated open subgroup C C C. Thus Hom(C, A) is the topological projective limit 
of the Hom(C, A) for every LCA group A. Note that Hom(C, A) surjects onto 
}iom{C,A) for divisible A by proposition 13.31 the kernel being Hom(C/C', ^disc) 
because C/C is discrete. Since D^^^^ and Q are injective in Ab, lemma rOI applies 
here, completing the proof of i and ii. iii and iv follow by duality. □ 

Corollary 3.7. If C G C^(Codiv) and D' e C''(Div) satisfy one of the following 
four conditions, then Horn* (C*, 13*) G C''(TAb) is strictly exact: 

i) D* is strictly exact with D| = 0. 

ii) D' = [Q ^ A ^ QV], and = 0. 

iii) C* is strictly exact with C*i = 0. 

iv) C" = [Q ^ A ^ Q^], and D| = 0. 

Proof, i and ii) Filtering C* by its stupid truncations and using the resulting long 
exact cohomology sequences in £7i(TAb), we may assume that C" = C is a single 
object of Codiv. For i, we can furthermore decompose D* into short strictly exact 
sequences; note that each group appearing here is a quotient of some and hence 
still divisible without Z-part. Now the previous proposition applies. 

iii and iv) follow dually. □ 

Proposition 3.8. Let A be an LCA group. 

i) There is an open embedding A ^ D with D G Div and D / A torsion. 

ii) If A & FLCAb, then we can achieve D G FLCAb in i. 

iii) If A ^P, then we can achieve 13 = Q'' © M'' XIS'Q'p' ■ K") «• 
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Proof. 1) There always is a divisible abelian group D containing Adisc such that 
D/Adisc is torsion, cf. §24]. We call a subset in D open if and only if its 
intersection with each coset modulo A is open in A; this makes D an LCA group 
containing A as an open subgroup, thereby proving i. 

2) Suppose that A G FLCAb is a topological p-group. Then proposition 12.81 
reduces ii to the special cases A = Z/p", Qp/Zp or Zp, Qp, in which D = Qp/Zp or 
Qp does the trick. Under the hypothesis of iii, A is torsionfree; hence Zp C A C 

for some r by proposition so D := proves iii here. 

3) Suppose that A e FLCAb is of type A. Writing = Am © np(^p ■ Up), 
let Ap ^ Dp be the open embedding constructed in the previous step 2. Then 
D := Ar © Dpl^p • Up) proves ii. li A E P, then this D also proves iii: It has 
the required form because any compact open subgroup U C differs from the 
standard subgroup C only by an automorphism of Q^. 

4) Now suppose that A G FLCAb is arbitrary. Let l' : Agi D' Agi be 
the identity, let i" : Aa ^ D" be the open embedding constructed in step 3, and 
let l'" : ^ D'" := © Q be the canonical map. Since D' , D" and D'" 
are divisible, there is a morphism t : ^disc D := {D' © D" © I3"')disc in Ab 
that respects the obvious three step filtrations and induces I'^isc^ '■disc '-disc '-"^ 
filtration subquotients. Since these are injective and their cokernels are torsion 
groups that have finite ranks, the same holds for l due to proposition 12.101 We 
endow D with the unique group topology for which l is an open embedding, cf. 
step 1; then D G FLCAb by proposition l2.1UI which completes the proof of ii. 

5) Finally, let A G P be arbitrary. Let l' : Ap^ ^ D' be the open embedding 
constructed in step 3, and let l" : A% ^ D" := Ai ® Q be the canonical map. 
Due to proposition 13.31 we can extend t' to a morphism A — > D'; its direct sum 
i : A ~* D :— D' ® D" with l" o it : A Az '-^ D" is injective with torsion cokernel 
because t' and i" are, and b is open because its restriction l' to the open subgroup 
Aa C a is. Since D has the required form, this proves iii. □ 

Corollary 3.9. Every A G FLCAb admits a closed embedding A^ I with / G L 

Proof. Using proposition 13 . 81 ii . we may assume that A is divisible. Then corollary 
EUlyields A = FiA © Q'' for some r, and we can simply take / := F-^A © A''. □ 

Corollary 3.10. i) Every hounded complex A' G C''(LCAb) admits a strict quasi- 
isomorphism f : A' ~^ D* with D* G C''(Div). 

ii) The class Quis of strict quasi-isomorphisms in K''(Div) is localizing. The re- 
sulting category D*(Div) :— K''(Div)/Quis is triangulated, and the inclusion functor 
Div ^ LCAb induces a triangulated equivalence D^(Div) — > D''(LCAb). 

iii) i and ii remain true if Div C LCAb is replaced by I C FLCAb. 

Proof, i) We construct /" : A" inductively; as A" = for n ^ 0, we can 

start with D" = for n< 0. Suppose that . . . Z?""! ^ D" and . . . /"-^ /" are 
already constructed such that the mapping cone of / has a strict boundary operator 
: A'^ ® © Z?" with ker(F") = im(F"-i). Using proposition 

I3.8l i. we can find a strict monomorphism coker(F") — + with 1)"+^ G Div; 

the components of the composition A"+^ © D" coker(F") ^ 13"+^ yield the 
required morphisms /"^^ : and d : _D"+^. This constructs 

a strict quasi-isomorphism f : A' D*. If A"+^ = y\n+2 _ then coker(F") is 
already divisible, so we can take 1)"+^ — coker(F") and — Q; thus we can 

arrange that D' is bounded above and hence in C''(Div). 
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ii) Because the class of strictly exact complexes is stable under extensions in 
K^(LCAb), it is so in the triangulated category K''(Div) as well; this implies that 
Quis is localizing in _fi'''(Div) and compatible with the triangulation, so the localized 
category D''(Div) inherits a triangulation by 5 , Thni. IV. 2. 2] . The inclusion functor 
Div ^ LCAb induces a functor of triangulated categories D''(Div) D''(LCAb) 
which is essentially surjective by i and fully faithful by "S", Prop. III. 2. 10] (whose 
hypothesis 62 holds here by i again). 

iii) same proof, using corollary 13 . 91 instead of proposition IXHl i. □ 

Remark 3.11. These results can be dualized in a straightforward way. For example, 
the class of strict quasi-isomorphisms is also localizing in K''(Codiv) and in K^(P), 
leading to derived categories D^(Codiv) and D^(P) which are equivalent to D^(LCAb) 
and to □''(FLCAb), respectively. 

Proposition 3.12. IfA,Be FLCAb, then Hom(A, S) e FLCAb. 

Proof. Using corollary 13.91 left exactness of Hom(A, _) and proposition 12.101 we 
may assume B G I without loss of generality; dually, we may furthermore assume 
A G P. Now B is divisible and has finite ranks, so n • _ : B — > i? is a strict 
epimorphism whenever n is prime; hence it is so whenever n is a product of primes, 
i. e. B is strictly divisible. Using propositions 13. 81 in. 13.31 and 12.101 we may thus 
assume A = Q, R or np('Qp'' ■ ^p*")) dually, we may furthermore assume B = Q^, 
R or Qpl'^p'' • ^p'')- These special cases can be checked explicitly. □ 

Definition 3.13. The tensor product of LCA groups A,B^ FLCAb is the LCA 
group A(g)B := Hom(A, B'^Y G FLCAb. 

Proposition 3.14. (FLCAb, (S", Horn) is a closed symmetric monoidal category. 

Proof. 10, Thm. 4.2] imphes that Ai ® {A2 ® {■ . . (A„_i ® An) . ■ .)) is for any 
Ai, . . . ,A„ G FLCAb canonically isomorphic to the dual of the group of all con- 
tinuous multiadditive maps Ai x . . . x An — > endowed with the compact-open 
topology. Thus we see that (FLCAb, ®) is a symmetric monoidal category with unit 
object Z; cf. |S1 Chapter VII] for the categorical terminology. Thm. 4.2] also 
implies that Hom(yl ® B, C) is canonically isomorphic to IIom(A, IIom(i?, C)) for 
A,B,C G FLCAb, so our monoidal category is closed. □ 

4. Derived Hom-FUNCXORS 

Proposition 4.1. The left exact hifunctor Hom : FLCAb°P x FLCAb FLCAb has 

a right derived functor miova : D''(FLCAb)°P x □''(FLCAb) ^ □''(FLCAb). 

Proof. This follows from 13.61 and 13.91 bv standard methods; cf. 5, Thm. III. 6. 8]. 
More precisely, corollary O implies that Hom* : K''(P)°p x K''(I) K''(FLCAb) 
induces a bifunctor of triangulated categories □''(P)°p x □''(I) — > □''(FLCAb). Given 
A*,B* G C''(FLCAb), we use coroUarv 13.101 and its dual to choose strict quasi- 
isomorphisms r : P' ^ A* and c : B' ^ I* with P' G C''(P) and /' G C''(l); 
then we define KIlom{A* , B*) := IIom*(i-'*, /*). This is a well-defined bifunctor 
of triangulated categories □''(FLCAb)°P x □''(FLCAb) □''(FLCAb) by corollary 
13.101 and its dual; the functorial morphism r*c* : Hom* {A' , B') RHom(A*, i?*) 
clearly has the required universal property by construction. □ 
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Table 1. The complex RHom(A,B) G D^(FLCAb) for various LCA groups A,B & FLCAb 
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Examples 4.2. Table [T] lists RHoni(A, S) for various v4, i? G FLCAb. Furthermore, 
it is easy to check that RHoni(yl, B) = if A is a topological p-group and _B is a 
topological q-group for prime numbers p ^ q. 

Remark 4.3. i) Dually, the right exact bifunctor ® : FLCAb x FLCAb FLCAb of 
EUShas a left derived functor ®^ : □''(FLCAb) x D^( FLCAb) D^( FLCAb); it is 
given by A* ®^ B* := RHom(A*, {B')'^y . 

ii) Proposition 13. 141 implies that (□''(FLCAb), RHom) is a closed symmetric 
monoidal category as well. 

We denote by Ko(FLCAb) the abelian group generated by symbols [A] for each 
A e FLCAb subject to the relations [B] = [A] + [C] for all strictly exact sequences 
A ^ B ^ C — »0; this abelian group comes with an automorphism of 
order 2, given by [A] ^ [A^]. We write [A'] := E„(-l)"[^"] e Ko(FLCAb) for 
complexes A* e C''(FLCAb). Then Ko(FLCAb) becomes a commutative ring if we 
put [A*] ■ [B*] := [A' (g)^ B*]; this is easily checked to be well defined. The ring 
structure is not compatible with the duality involution; explicitly, we have: 

Proposition 4.4. Let v run over all places o/Q, i. e. v — p is a prime or v — oo. 

i) Sending ir,,sy)^ £ U,^^ to r^[Z]+Soo[S^] + [l\pK"] + [®piQp/^pY''] defines 
a group isomorphism Ylv ^ Ko(FLCAb) under which the involution [A] [A^] 
on Ko(FLCAb) corresponds to the involution (r^,Si,)^ i— > {sv,ry)y on Ou^^- 

li) Sending {r,,sX e Jll^' r-ooM-SooiQ^'l + npCQ? : 4')]-[©p(Qp/^p)'''] 
instead defines a ring isomorphism Yiv'^'^ ^ Ko(FLCAb). 

Proof, i) The given map on Y[y extends canonically to a group homomorphism 
on Yli, which is obviously compatible with the involutions in question. Its image 
contains all divisible discrete torsion groups by lemma so it contains all objects 
of P due to proposition l3.8l iii: hence this map is surjective according to the dual of 
corollarv l3.9l In order to prove injectivity, we construct a left inverse by sending the 
class \A\ £ i4:o(FLCAb) of A e FLCAb to the integers Too := dimHHom(A, M) and 
Soo := dimK Hom(R, A) and rp := Soo + dimQ^ H"(RHom(A, Qp)) and 

Sp ■= roo + X]n(~l)" '^i^Qp -H"(RIIom(Qp, A)); that these are finite-dimensional 
vector spaces can be checked on generators of i^o(FLCAb), and it is easily verified 
for the generators that we have just obtained by proving surjectivity. 

ii) Using the examples 14.21 it is easy to see that this determines a well-defined 
ring homomorphism; its bijectivity can be deduced from i. □ 

Our next aim is to extend the derived functor RHom to all of □''(LCAb). Here the 
main problem is the lack of enough acyclic objects, cf. ,10. Thm. 3.6]; instead, we 
will use divisible and codivisible groups - which are 'almost acyclic' by proposition 
ESI - and the 'standard resolution' O^Q^A^Q^^O. 

Definition 4.5. Given complexes C G C''(Codiv) and D* e C''(^iv), we define 
RIIom(C", Z?') G C''(TAb) to be the mapping cone of the composition pairing 

Hom'([Q ^ A ^ Q^],i?*)disc ® Hom*(C', [Q ^ A ^ Q^'Ddisc ^ Hom*(C',i?*) 

where the complex [Q ^ A ^ Q^] G C''(LCAb) is located in degrees —1, and 1. 

Here the tensor product is just one of complexes of discrete rational vector spaces 
(because Q, A and are topological rational vector spaces) . 
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Clearly, this RHom is an additive bifunctor C''(Codiv) x C''(Div) C''(TAb) which 
respects honiotopies, shifts and mapping cones; thus it descends to a bifunctor of 
triangulated categories K^(Codiv) x K''(Div) — > K''(TAb). Furthermore, one has a 
natural duality isomorphism RHom(Z3*^, C*^) = RHom(C*, D*). 

Lemma 4.6. The canonical restriction and projection morphisms 

p : Hom'(C', [Q ^ A ^ Q^]) ^ Hom'(C|i, [Q ^ A ^ Q^]) = (QO^'hl], 

TT : Hom'([Q ^ A ^ Q%D') Hom'([(Q ^ A ^ Q%Dl) - D'^i-l] 

are strict quasi-isomorphisms for all C* G C''(Codiv) and D* G C''(Div). 

Proof. Corollary 13. 51 i implies that tt is objectwise a split epimorphism, so its map- 
ping cone is homotopy equivalent to kcr(7r) = Hom'([Q ^ A ^ Q^], F^D*) which 
is strictly exact by corollarv l3.7l iv. The claim about p follows dually. □ 

Corollary 4.7. One has a canonical distinguished triangle 

{Dl ® {C'^.Y)[-2] Hom'(C',i?-) RHom(C*,i?-) {D^ ® (C|0'')hl] 

in K^(TAb) which is functorial in C G K''(Codiv) and D* G K''(Div). In particular, 
miom{C',D') ^KoiaiC'^D') in K''(TAb) i/ C'l = or = 0. 

Proof. TT ® p is a quasi-isomorphism from the tensor product complex in definition 
14. 51 to (Z?* (g) (C|i )^) [—2], so it is an isomorphism in K^(TAb) by linear algebra. □ 

Theorem 4.8. The bifunctor lUlom of definition \4.^ induces a bifunctor 

RHom : D''(LCAb)°P x □''(LCAb) — > □''(TAb) 

of triangulated categories and a morphism s : Hom*(yl*, _B*) RHoni(y4*, i?*) in 
D''(TAb) that is functorial in A\B' G C''(LCAb). 

Proof. 1) Let V he a. discrete rational vector space, say in degree 0. By its very 
definition, RHom([Q ^ A ^ Q^], V) is the mapping cone of the pairing 

o : V[-\\ ® Hom'([Q ^ A ^ Q^], [Q ^ A ^ Q^'Ddisc ^ V[-l] 

which is a homotopy equivalence because the second factor is homotopy equivalent 
to Q by lemma ESI hence RHom([Q A ^ Q^], is strictly exact. 

2) Let D* G C''(Div). CoroUarv I3.5l i provides us with a distinguished triangle 
FzD* ^ D* Dl ^ FzD'[l] in K''(Div). RHom([Q ^ A ^ Q^],FzD*) is 
strictly exact due to the corollaries 14 . 71 and 13 . 71 iv: since I?* is homotopy equivalent 
to the direct sum of its cohomology by linear algebra, step 1 above implies that 
RHom([(Q A ^ Q^li^*') is also strictly exact. Using |T21 Prop. 1.2.14], this 
shows that RHom([iQ ^ A Q^], D') is strictly exact as well. 

3) Let D' G C''(Div) be strictly exact; we claim that for all C* G C''(Codiv), the 
complex RHom(C", D') G C''(TAb) is strictly exact. We prove this by induction on 
^^dimQH"(D*) which is finite by remark 21 i. 

If this sum is zero, then F^D* ^ D' is a homotopy equivalence by corollary 
I3.5l i. so RHom(C*,D*) is strictly exact due to the corollaries 14 . 71 and 13 . 71 i . 

For the induction step, suppose that there is a nonzero class 7 G H" (£)*). Lemma 
14.61 implies that there is a morphism 7 : [Q ^ A ^ Q^][— n — 1] ^ D* in C''(Div) 
such that the induced morphism 72 : Q[— maps 1 G Q to a cycle repre- 
senting 7. Denoting by D'* the mapping cone of 7, we get a distinguished triangle 
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Q[— n] ^ Z3* — > D!^ Q[—n + 1] which shows that the induction hypothesis ap- 
phes to D'' . Since RHom(C*, [Q ^ A ^ Q^]) is also strictly exact by the dual of 
step 2 above, ^1 Prop. 1.2.14] completes the induction step. 

4) The previous step 3 and its dual imply that the functor RHom of 14.51 in- 
duces a bifunctor of triangulated categories D''(Codiv)°P x D''(Div) — > D''(TAb). 
Given A*,B* € C''(LCAb), we use corollary 13.101 1 and its dual to choose strict 
quasi-isomorphisms r : C ^ A* and c : B' D' with C G C''(Codiv) and 
D' e C^(Div); then we define RHom(yl',S') := RHom*(C", This is a well- 
defined bifunctor of triangulated categories D''(LCAb)°P x □''(LCAb) D^(TAb) 
by corollary I3.10l ii and its dual; the required functorial morphism is given by 
s := r*c, : Hom'(A*,S') ^ RHom(A',B'). □ 

Remark 4.9. The bifunctor RHom of theorem 14.81 actually extends the bifunc- 
tor RHom of proposition 14.11 more precisely, both induce the same bifunctor 
D''(FLCAb)°P X □''(FLCAb) D''(TAb). This follows from the fact that both induce 
the same bifunctor K''(P)°p x K''(I) D''(TAb) due to coroUarvIO 

Example 4.10. For arbitrary index sets / and J, 

RHom([] S\ Z) = RHom(]J Z^[]Q^,0Q^0 Q/Z) = Z[-1] 

I J I I J J IxJ 

where the sums are discrete and the products carry the Tychonoff topology. 

Definition 4.11. Ext"(A*,B') := H"(RHom(AV S')) e Cn{TAh) forn e Z and 
bounded complexes A* and B* of LCA groups. 

Note that Ext" : D''(LCAb)°P x D''(LCAb) ^ CHiTAb) and the composed functor 
Ext^Ji,^ : D''(LCAb)°P x □''(LCAb) ^ £7i:(TAb) Ab are cohomological bifunctors, 
i. e. fixing one variable, they transform distinguished triangles in the other vari- 
able to long exact sequences. Moreover, we have a canonical duality isomorphism 
Ext"(B'^,>l*^) = Ext"(A',S') inherited from RHom. 

Proposition 4.12. For A\ B' e C''(LCAb), there is a canonical isomorphism 

i) ExtSi,e(^VS*) ^ HomD.(LCAb)(^%S*W) m Ab 

ii) Ext"(A*, B*) = limH"(Hom*(A'', B'')) m CH{JAh), the limit being over all 
strict quasi-isomorphisms A'* — > A' and B* — > B'* in C^(LCAb). 

Proof. Due to coroUarv I3.10l i and its dual, we may assume A' e C''(Codiv) and 
B' e C''(Div) without loss of generality, and it suffices to consider strict quasi- 
isomorphisms with A'* G C''(Codiv) and B'' 6 C^(Div) in ii. 

Given a cohomology class 7 G W(B'^), lemma implies that there is a mor- 
phism 7 : [Q ^ A ^ Q^] [— p — 1] B'' in C''(Div) such that the induced morphism 
7z : Q[— p] — * B'^l maps 1 G Q to a cycle representing 7. Let B"* be the map- 
ping cone of 7; then the natural strict quasi-isomorphism B'* B"' maps 7 to 
G W{B'^*) by construction. This shows that the inductive limit of the W{B'^) in 
Ab vanishes; hence the inductive limit of the W^{B'' ® {A''iY) in Ab also vanishes. 
By corollarv 14 . 71 and the exactness of inductive limits in Ab, 

limsdi.c : limH"(Hom'(A",B"))disc limExt"(A", B")disc 

is thus an isomorphism of abelian groups. Here H"(Hom*(yl'*, -B'*))disc is precisely 
the group of morphisms A'' B'*[n] in K''(LCAb), so their inductive limit is the 



HOMOLOGICAL ALGEBRA WITH LCA GROUPS 



17 



group of morphisms A* B'[n] in D (LCAb); this implies i. Furthermore, 



H"(Hom*(A", B"))disc Ext"(^", S";d 



ISC 



H"(Hom*(A",B")) Ext"(^'*, S") 

is a (pullback and) pushout square in £?-^(TAb) because s and sjisc have the same 
kernel and cokernel in £?i(TAb): This follows from the fact that kernel and cokernel 
of s in £H(TAb) are discrete groups by corollary 14. 71 Using this pushout property, 
the inductive limit property in question carries over from Ab to £7i(TAb). □ 

Corollary 4.13. Ext" : D''(LCAb)°P x □''(LCAb) ^ Cn{TAh) is a right derived 
cohomological functor for R"- o Rom' : K^(LCAb)°P x K''(LCAb) ^ CH{TAh) m the 
sense of Ch. II, §2, Def. 1.4]. 

In particular, we can consider LCA groups A and B as complexes concentrated 
in degree zero, obtaining objects Ext" (A, B) of £7i(TAb). They vanish by construc- 
tion for n < 0, and Ext*' (A, B) is canonically isomorphic to Hom(A, B) because the 
Hom-functor is left exact. For n > 1, the abelian groups Ext"(A, B)disc coincide 
with the Yoneda-Ext"-group studied in this follows from proposition 14. 1 21 i by 
standard arguments, cf. [3 XI. 4]. Part iv of the following vanishing result refines 
part II, Thm. 2.9]; cf. also ^1 Section 6] for related results. 

Proposition 4.14. Let A, B be LCA groups and n> 1. Then Ext"(A, S) = in 
CTi.{TAb) in each of the following cases: 

i) A — R" or A — j ^ for some index set J . 

ii) A is compact codivisible, and Bz = 0. 

Hi) A is codivisible with A^i = 0, and B is divisible. 

iv) n >2. 

v) A is codivisible, and B is divisible with Bz — 0. 

vi) A^i = 0, and B is discrete divisible. 

vii) B = R" or B = Yl j §^ for some index set J . 

Proof, iii and v are consequences of corollarv l4.7l 

Proposition I3.8l i yields a strictly exact sequence O^B^D^D'^0 with 
D, D' G Div and D' a discrete torsion group; dually, there also is a strictly exact 
sequence O^C'^C^A^O with C, C" £ Codiv and C" profinite. 

i) Here RHom(yl, i?) is given by the complex llom{A,D) llom{A, D'). If 
A = R", then Hom(A, D') = 0; if A = 0^.^^ Z, then Hom(A, D) Hom(.4, D') is 
the Tychonoff product indexed by J of copies of the open surjection D ^ D' and 
thus also an open surjection. This proves i and by duality also vii. 

vi) Suppose first that A is a topological torsion group; then C and C also are, 
so Hom(C, Q/Z) Hom(C",<Q/Z) is surjective by Pontryagin duality. Since C" is 
compact and B is discrete, Hom(C", B) is discrete, and every morphism C ^ B has 
finite image; it thus factors through finitely many summands oi B = ®^ Qp^ /Zp^. 
[SI Thm. A. 14], i.e. through some morphism (Q/Z)" — > B. This shows that 
Hom(C, S) Hom(C",i3) is a strict epimorphism; since this complex computes 
RHom(A, B), vi follows here. 

Now let A be arbitrary with A^i = 0. Recall that Am is a direct summand of 
A; choosing a subset of A whose image in the rational vector space Q is a 
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basis, we can construct a strictly exact sequence A' ^ A A" ^ such that 
A' = R" © ®ieJ ^ ^^"^ ^" ^ topological torsion group. We have just seen that 
Ext" (A", B) = 0, and Ext"(^', B) by i; thus the long exact Hom-Ext-sequence 
in CH{TAh) completes the proof of vi. ii follows by duality. 

iv) If Bz — 0, then Dz = as well, so RHoni(C, B) is given by the complex 
Hom(C, D) Hom(C, D'); thus Ext"(C, S) = for n > 2. As Ext""^(C", B) also 
vanishes by ii, the long exact sequence in £7i(TAb) implies iv in this case. 

For general B, we construct a strictly exact sequence ^ B' ^ B ^ B" 
with i?^' = and _B' = Z (by choosing a subset of B whose image in the rational 
vector space B^ Q is a basis); thus the long exact sequence in £?i(TAb) reduces 
us to the case B = ® Z. The dual argument allows us to assume A = Hie/ 
as well; in this case, iv follows from the explicit example 14. 101 □ 

Remark 4.15. The functors Ext" : LCAb°P x LCAb -> Cn{JAb) extend canonically 
from LCAb to C'H{LCAb) because the embedding LCAb ^ D''(LCAb) does so, by 
the very construction of £7i(LCAb). However, part iv of the previous proposition 
does not extend to £7i(LCAb); its cohomological dimension is not 1, but 2. For 
example, let J be an infinite set, and let A e £?i(LCAb) be the cokernel of the 
natural map 0j Z/p ^ Y[j ^/Pi using the discrete topology for the direct sum 
and the Tychonoff topology for the product. Then Ext^(A, Z/p) ^ 0, e. g. because 
Ext\Ylj ^/P. ^/P) = ©,7 ^/P and Ext^O,, Z/p, Z/p) = Y\j ^/P- 
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